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Q*b is the vector of coefficients of the expansion of b 
in the basis of columns of Q. 

Schematically, the situation looks like this: 

Multiplication by Q* 

Multiplication by Q 

These processes of multiplication by a unitary matrix or its adjoint pre-
serve geometric structure in the Euclidean sense, because inner products are 
preserved. That is, for unitary Q, 

(Qx)*(Qy) = ey, 
 (2.9) 

as is readily verified by (2.4). The invariance of inner products means that 
angles between vectors are preserved, and so are their lengths: 

11Qx11 = 11x11.  (2.10) 

In the real case, multiplication by an orthogonal matrix Q corresponds to a 
rigid rotation (if detQ = 1) or reflection (if detQ = —1) of the vector space. 

Exercises 

2.1. Show that if a matrix A is both triangular and unitary, then it is diagonal. 

2.2. The Pythagorean theorem asserts that for a set of n orthogonal vectors 
{xi}, 

2 
= E 11;112. 

i=1  ir=1 
(a) Prove this in the case n = 2 by an explicit computation of 11x, + x211 2. 
(b) Show that this computation also establishes the general case, by induction. 

2.3. Let A E Cmxm be hermitian. An eigenvector of A is a nonzero vector 
x E Cm such that Ax = Ax for some A E C, the corresponding eigenvalue. 
(a) Prove that all eigenvalues of A are real. 


